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Abstract 

A unified approach to geometric, symbol and deformation quan- 
tizations on a generalized flag manifold endowed with an invariant 
pseudo-Kahler structure is proposed. In particular cases we arrive at 
Berezin's quantization via covariant and contravariant symbols. 



1. Introduction 

In the series of papers |T3| 



a modern approach to quantization 
on Kiihler manifolds was proposed which combines together geometric quan- 
T5[] , symbol quantization and deformation quantization [Q]. 
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The main idea of this approach can be formulated for quantization on a 
general symplectic manifold Ai as follows. 



• To give a geometric realization of a family of Hilbert spaces Hf^ over 
the manifold A4, parametrized by a small parameter h which plays a 
role of Planck constant (by means of geometric quantization or of its 
generalizations) . 

• To describe a geometric construction of a symbol mapping from func- 
tions on A4 to operators in Hn (the construction of operator symbols). 

• To choose appropriate algebras An of symbols such that the symbol 
mapping provides a representation of An in Hn- 

• To find the deformation quantization which controls the asymptotic 
expansion of the symbol product as — > in the same geometric 
framework. 



^On leave of absence from the Joint Institute for Nuclear Research, LCTA, Dubna 
141980, Moscow reg., Russia 



The aim of this paper is to carry out this quantization program on a 
generahzed flag manifold, a homogeneous space of a compact semisimple Lie 
group, endowed with an invariant pseudo-Kahler structure. 

In PI it was shown that the theory of spherical Harish- Chandra modules 
provides a natural algebraic construction of "mixed" symbol algebras on a 
generalized flag manifold, which in particular cases are algebras of Berezin's 
covariant and contravariant symbols. 

In the present paper we consider an alternative, geometric construction 
of such an algebra ^ on a flag manifold Ai, which involves some invariant 
pseudo-Kahler structure on Ai. This construction was independently intro- 
duced in [m and Then we describe a natural geometric representation 
of the algebra A in sheaf cohomology of the quantum line bundle on Ai. 
The description is based on the Bott-Borel-Weil theorem. It turns out that 
the algebras of Berezin's covariant and contravariant symbols correspond to 
totally positive and totally negative Kahler structures respectively. 

Then we consider ^-parametrized families of symbol algebras for which 
the asymptotic expansion of the symbol product as h —>■ leads to deforma- 
tion quantization with separation of variables (see 0). 

2. Equivariant families of functions on homogeneous manifolds 

Let K be a real Lie group, kr its real Lie algebra, k* the real dual to kr. 
For X & kr, F & k* denote their pairing by < F, X >. 

Let Ai he a homogeneous i^-manifold. Denote by Tk the shift operator 
by ke K in C°°{A4), Tkf{x) = /(fc-^x), x E M, / G C^{M). We call a 
family of real smooth functions {fx}, X E kr, on Ai a. K- equivariant family 
ii kr 3 X fx is a linear mapping from kr to C°°{Ai), i^-equivariant with 
respect to the adjoint action on kr and the shift action on C°°{A4), so that 
for all k e K, X e kr holds Tkfx = fAd(k)x- 

For X E kr denote by vx the corresponding fundamental vector field on 
Ai. For k E K holds the relation T^vxT^^ = VAd{k)x, X E kr, where vx is 
treated ClS db differential operator in C°°{Ai). 

For a i^'-equivariant family {fx} on and for all X,Y E kr holds the 
relation vxfy = f[x,Y]- 

Given a i^-equivariant family {fx} on Ai, define a "moment" mapping 7 : 
Ai k* K-equivariant with respect to the shift action on Ai and coadjoint 
action on k*, such that for all x G AI, X E kr holds < 7(x),X >= fx{x). 

Since Ai is homogeneous, the image of 7 is a single coadjoint orbit 
Q = 7(A^) C k*. For X E kr denote by Vx the corresponding fundamental 
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vector field on It is Hamiltonian witli respect to tlie iT-invariant symplec- 
tic structure given by tlie Kirillov symplectic form a;^ on Q. Tlie function 
f^{F) =< F,X >, F e Q, is its Hamiltonian function, i.e., dfx = -i{vx)uJ^- 
For X,Y ekr holds u;^{v^, v^) = f^j^ yy 

Remark. fC-equivariant families {fx} on Ai are in one-to-one corre- 
spondence with fC-equivariant mappings '~f : A4 ^ k*. To a given 7 there 
corresponds the coadjoint orbit Q = ^{Ad) and the family {fx} such that 

Fix a point xq & Ai and denote by Kq <Z K the isotropy subgroup of 
the point xq. The mapping 7 and thus the 7^-equivariant family {fx} itself 
are completely determined by the image point 7(0:0) which is an arbitrary 
i^o-stable point in k*. 

For two X-equivariant families {fx^} and {fx^} their linear combination 
{afx^ + Pfx^} is a X-equivariant family as well. Therefore the set of all 
X-equivariant families {/x} on is a vector space which can be identified 
with the subspace (k*)^" of all 7^"o-stable points in k*. 

Denote by uj the pullback of the form by 7. Then is a closed (but not 
necessarily nondegenerate) i^-invariant form on Ai such that for X,Y E kr 
holds u!{vx, vy) — fix,Y] and dfx — —i{vx)i^- We say that cu is associated to 
the /T-equivariant family {fx}- 

The form u is nondegenerate iff the tangent mapping to 7 : 7W — >■ O at 
any point x G is an isomorphism of the tangent spaces T^Ad and T^(^x)^ 
or, equivalently, if 7 is a covering mapping. 

3. Modules of functions on complex homogeneous manifolds 

Let K he a real Lie group with the real Lie algebra kr- Denote by Qc 
the complexification of kr, Qc = k,. (E) C, by Qr the realification of Qc, and by 
J the corresponding operator of complex structure in g^., so that {gr, J) is 
isomorphic to gc- 

Let the group K act transitively and holomorphically on a complex mani- 
fold Ai. Then for X e kr the fundamental vector field vx on A4 decomposes 
into the sum of holomorphic and antiholomorphic vector fields ^x and r]x re- 
spectively, Vx = ^x + Vx- Therefore rjx = C,x and for arbitrary X,Y E k^ ^x 
commutes with r^y, [^x, ^y] = ^[x,y] and [qx, Vy] = i1[x,y]- For X e kr, k e K 
the following relations hold, Tk^xT^^ = ^Ad{k)x and TkfixT,;^ = riAd{k)x- 

For Z = X + JY e gr, X,Y & kr, set — ^x + i^Y and r]z ~ Vx — iVY- 
Now {gr, J) 3 Z ^ is a. C-linear homomorphism from {gr, J) to the Lie 
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algebra of holomorphic vector fields on Ai, and rjz = ^z- We get that Qr acts 
on M. by real vector fields vz = + 'Hz = {^x + 'Hx) + i{iY — Vy) which 
respect the holomorphic structure on A4. 

We call a mapping kr 3 X sx of the Lie algebra kr to End{C°°{M.)) 
i^T-equivariant if it is iC-equivariant with respect to the adjoint action of K in 
kr and the shift action in C°°{A4). This means that T^sxT,^^ = SAd{k)x, X e 

Now we shall define a special {gr, -fr)-module structure on C°°{M). Let 
K act in C°°{A4) by the shifts T^, k e K, and gr act by real differential 
operators mz = vz + ^pz, Z ^ g,., where ifz is a real smooth function on 
A^, so that the actions of K and agree in the usual sense. This means 
that the actions of the algebra kr as of a subalgebra of gr and as of the Lie 
algebra of K coincide, mx — vx for X & kr, and T^mzT^^ — mAd{k)z for 
k G K, Z & gr- In particular, for X & kr holds ipx = and T^ipz — (pAd{k)z- 
Then we say that there is given an s-module on M.. 

For X,Y ekr set Z{X, Y) = 1/2{X - iJX + F + iJY) e gr ^ C. The 
mapping kr x kr 3 {X, Y) i— > Z{X, Y) is a Lie algebra homomorphism from 
kr X kr to gr <S) C (moreover, it extends by C-linearity to an isomorphism of 
the complex Lie algebras {gr, J) x {gr, — J) and gr ® C). 

For X & kr introduce a function fx = {—l/2)ipjx on A^. It is easy 
to check that the functions fx, X G kr, form a i^-equivariant family. For 
X E kr set Ix = ix + ifx, rx = Vx — ifx- Notice that rix = Cx and that 
the mappings kr 3 X ^ Ix and kr 3 X ^ rx are X-equi variant. 

A straightforward calculation shows that 'mz(x,Y) ~ ^x + t^y, where the 
mapping gr 3 Z ^-^ mz is extended to gr ® C by C-linearity. Taking into 
account that {X, 0) commutes with (0, Y) in kr x kr, we get the following 
lemma. 

Lemma 1. The mappings kr 3 X ^ Ix and kr 3 X ^ rx are com- 
muting K-equivariant complex conjugate representations of kr in C°°(A^). 

Suppose there is given a representation of kr in C°°{M.) of the form 
kr3X^lx=S,x + 'ifx, where {fx} is a fT-equivariant family on Ai 
(which is equivalent to X Ix being i^T-equi variant). Then there exists an 
s-module on A4 to which the representation kr 3 X ^ Ix is associated. 

Lemma 2. Let kr 3 X ^ Ix — Cx + ifx be a K-equivariant repre- 
sentation of kr in C°°{M.). For Z = X + JY G gr, X,Y E kr, define the 
function ipz = — 2/y on M.. Then the mapping gr 3 Z ^ mz = vz + ^z 
is a representation of gr in C^{M). Together with the shift action of K in 
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C°°{Ai) it defines an s-module on M.. 

Proof. Consider the complex conjugate representation kr 3 X ^ rx = 

— Vx — ifx to the representation X ^ Ix oi kr- Then for X,Y & kr and 
Z{X, Y) = 1/2{X — iJX + Y + iJY) we have as above mz{x,Y) = ^x + ^y- 
In order to show that the mapping g.^ 3 Z ^ mz is a representation of in 
C°°(A1), it is enough to show that the representations X ^ Ix and X ^ rx 
of kr commute or, cquivalcntly, that ^xfv + Vrfx = 0. We get from the 
identity [Ix.lv] = 1[x,y] that f[x,Y] = Cxfv - Crfx- Since vyfx = f[Y,x], we 
get that fix,Y] ~ ~^Yfx — Vy/x- Equating the two expressions for /[x,y] we 
obtain the desired identity. The rest of the proof is straightforward. 

It follows from Lemma 2 that any s-modulc is completely determined by 
some i^-equivariant family of functions {fx} on Ai for which the mapping 
K 3 X ^ Ix — Cx + ifx is a representation of kr, or, equivalently, such 
that for X,Y G kr holds the relation f[x,Y] ~ ^xfY — ^Yfx- Since this 
relation is linear with respect to the family {fx}, the set S of all s-modules 
on Ai is naturally identified with a linear subspace of the vector space of 
i^-equivariant families of functions on Ai . 

It turns out that one can give a simple characterization of those K- 
equivariant families of functions which give rise to s-modules. It is given 
in terms of the closed 2-form a; on Al associated to the X-equivariant fam- 

iiy. 

Theorem 1. A K-equivariant family {fx} on A4 corresponds to an 
s-module on Ai iff the 2-form cu associated to {fx} is of the type (1, 1) with 
respect to the complex structure on Ai . 

Proof. Wc have to prove that the form uj is of the type (1, 1) iff the relation 
= ^xfY — ^Yfx holds for all X, V G k^. We can rewrite this relation 
in terms of oj using that dfx = —i{vx)ijJ and ui{vx-iVy) = f{x,Y] as follows, 
uj{vx-iVy) = uii^ix-iVy) — uJ^^Y^vx)- Since vx — ^x + f]Y-i it is equivalent to 
the relation 

^{ix, ^y) = oj{r]x, Vy) for all X,Y e K. (1) 
If UJ is of the type (1, 1), the both sides of (1) vanish. Suppose now that (1) 
is true. For Z = X + lY E gc = K ® C , X,Y E kr, set vz — vx + ivy, Cz — 
ix + i^Y and rjz = i]x + irjy- It follows from (1) that 

^{iz, iz') = uj{r]z, r]z') for all Z, Z' G gc- (2) 

Fix a point x E Ai. Since Ai is fC- homogeneous, the vectors Vx, X E 
kr, at the point x span the real tangent space T^Ai and thus the vectors 
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vz^ Z G span T^M. ® C. For arbitrary vectors G T^>M ® C of the 
type (1,0) one can find Z, Z' G Qc such that vz = ^ and w^:' = ^' at the point 
X. Therefore, at the point x, ^z — ^, iz' — and rjz — r\z' — 0. It follows 
from (2) that = at the point x ^ }A for arbitrary vectors of 

the type (1,0). Since lo is real, it follows that it is of the type (1,1), which 
completes the proof. 

We say that an s-module is nondegenerate if the corresponding 2-form uj 
is nondegenerate. It follows from Theorem 1 that the 2-form to associated to 
a nondegenerate s-module is a pseudo-Kahler form. 

The set of nondegenerate s-modules is either empty or it is a dense open 
conical (i.e. invariant with respect to the multiplication by non-zero con- 
stants, SI— >t-s, sG^, tG R\{0}) subset of S. 

Example. Let C /c* be a coadjoint orbit of the group endowed with 
an invariant pseudo-Kahler polarization. This means that there is given an 
invariant complex structure on such that the Kirillov form uj^ is of the type 
(1,1). The fundamental vector field f^, X G fcr, decomposes into the sum 
of a holomorphic and antiholomorphic vector fields and rf^ respectively, 

= + '7x- Then the functions X G /c^, form a X-equivariant 
family that corresponds to an s-module on Q. In particular, the mappings 
kr ^ X ^ Ix = ^ ^ if^ and 3 X ^ r x = ffx — ij^ are two commuting 
i^T-equivariant representations of kr in C°°(r2). 

We are going to associate to each s-module on M. an associative algebra 
A whose elements are smooth functions on M.. 

Extend the representations 3 X ^ Ix and h,. 3 X ^ vx — Ix 
Qc = kr (E) C by C-linearity. Then, extending them further to the universal 
enveloping algebra U{gc) of one obtains two commuting iC-equivariant 
representations of U{gc) in C°°(A1), u ^ lu and m h- >• r„, m G U{gc) {K acts 
on U{gc) by the properly extended adjoint action). 

Let u ^ u denote the standard anti- automorphism of U{gc) which maps 
X G gc to -X. 

Lemma 3. For u G U{gc) the following relation holds, 1^1 = r^l. 

Proof. We prove the Lemma for the monomials Un = Xi . . . X„, Xj G g^ 
using induction over n. One checks directly that for X G U{gc) holds Ix^ — 
ifx ^ rxl. Assume that lu„-ii = ^«„-il holds. Then l^^l = lun-Jxn^ = 
lu^-JxJ = rxJu„-A = rjcjur^^i'^ = rs„l- The Lemma is proved. 

For u G U{gc) denote o"„ = 1^1 and let A denote the image of the map- 
ping a : u ^ au from U{gc) to C°°{A4). Notice that the mapping a is 



6 



fC-equivariant with respect to the adjoint action on U{gc) and the action by 
shifts on C^{M). 

Lemma 4. The kernel I of the mapping a : U{gc) — > C°°{M) is a 
two-sided ideal in U{gc) and thus A inherits the algebra structure from the 
quotient algehralA{gc) / 1 ■ 

Proof. It follows from the relation /„! = that / is a left ideal, while 
r^il = shows that / is a right ideal since m h- >■ m is an anti-homomorphism. 
The Lemma is proved. 

We shall denote the associative product in ^ by *. It follows from Lemma 
3 that for u G U{gc), f & A holds /„/ = o^u* f and r^f = f * Cu- 

Remark. As a subspacc of C°°{A4) the algebra A is the spherical {gr, K)- 
submodule of the s-module it is associated to, generated by the constant 
function 1, which is a spherical (X- invariant) vector. 

Denote by Z[gc) the center of U{gc)- The elements of Z{g^ are stable 
under the adjoint action of K. Since the mapping a is iT-equivariant, a maps 
the central elements of U{gc) to constants in A. Thus the restriction of the 
mapping a to Z[gc) defines a central character ip : Z[gc) — >■ C of the algebra 
U{gc),'ip{z) ~ az, z & Z{gc) (here we identify the constant functions in A 
with the corresponding complex constants). 

4. Holomorphic differential operators on hermitian line bundles 

Let TT : L — s> be a holomorphic hermitian line bundle over Ai with 
hermitian metrics h. Denote by L* the bundle L with the zero section re- 
moved. It is a C*-principal bundle. A local holomorphic trivialization of L 
is given by a pair (C/, s) where U is an open chart on A4 and s : C/ — > L* is a 
nonvanishing local holomorphic section of L. 

We arc going to define a pushforward of holomorphic differential operators 
on L to the base space A4. 

A holomorphic differential operator A on L is a global geometric object 
given locally, for a holomorphic trivialization (C/q, Sq,), by a holomorphic dif- 
ferential operator on Ua- On the intersection of two charts 11^ and Up the 
operators and Ap must satisfy the relation A^ipais = ^ai^Ap where ip^ii is 
a holomorphic transition function on ^7^ H t/g such that (fapSa = S/j. In this 
relation we consider ipap as a multiplication operator. 

Holomorphic differential operators on L act on the sheaf of local holo- 
morphic sections of L and form an algebra. 

On each chart {Ua, Sa) introduce a real function = — log/i o s^. 
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Lemma 5. On the intersection of two charts Ua and Up the following 
equality holds, — = log Iv^a/Jp- 

Proof. We have = - log/i o s^j = - log/i o {ipapSa) = - log(| p/i o 
So) = $o — log |97a/3p- The Lemma is proved. 

Given a global holomorphic differential operator A on L, consider differ- 
ential operators = e^'^^A^ e*" on each chart f/„ 

Lemma 6. The operators A^ define a global differential operator A on 

M. 

Proof. We have to check that on the intersection of two charts Ua and Up 
holds the equality A^ = Ap. It is equivalent to c^^^Aq, e*" = e^'^^Ap e*'' 
or ^^6*"^*'^ = e*"^*'^^^. Applying Lemma 5 we get an equivalent equality 
^aVap'-Pap = Vap^ap^p- The asscrtiou of the Lemma follows now from 
the fact that the holomorphic differential operator Ap commutes with the 
multiplication by the antiholomorphic function ipap- 

We call A the pushforward of the holomorphic differential operator A 
on the line bundle L to the base space M.. It is clear that the pushforward 
mapping /I i— > A is an injective homomorphism of the algebra of holomorphic 
differential operators on L into the algebra of differential operators on M.. 

Let V denote the canonical holomorphic connection of the hermitian line 
bundle (L, h). For a local holomorphic trivialization (f/a, Sq) a local expres- 
sion of V on [/q, is V = d — d^a- The curvature a; of V has a local expression 
uj = idd^a- 

Let the Lie group K act on the line bundle tt : L — > Al by holomorphic 
line bundle automorphisms which respect the hermitian metrics h. 

The metrics h can be considered as a function on L, L 3 q h{(l)- To 
each local section s of L over an open set [/ C relate a function ips on 
TT-^iU) n L* such that ilJs{q)q = s{n{q)). For t G C* holds h{tq) = \t\^h{q) 
and ips{tq) = f'^ipsiq)- 

Any element X of the Lie algebra kr of K acts on L* by a real vector 
field which is the sum of holomorphic and antiholomorphic vector fields 
C,x and rj^ = respectively, = ^ Vx- The vector fields v^, and 
rjx are homogeneous of order with respect to the action of C* on L*. Let 
vx, Cx and rjx denote their projections to Al, so — Cx + Vx- 

The action of the functions V's on L* can be transferred to the 

action on the corresponding local holomorphic sections s of L, which defines 
a global holomorphic differential operator Ax on L. The object of interest 
to us will be its pushforward Ax to the base space JA. 
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First, consider a local trivialization of L* by a local section sq : U ^ 
L*, which identifies {x,v) E U x C* with so{x)v G L*\u. Then, locally, 
Cx — Cx — axvd/dv for some holomorphic function ax on U. To push 
forward a holomorphic differential operator from L\uioU we use the function 
$ = — log h o sq OM U . The metrics h at the point (x, v) E U x Q* can be 
expressed as follows, h{x, v) = e^*|?,'p. Since the metrics h is /T-invariant, 
we have Vxh = 0. A simple calculation shows then that 

iCx + ^x)^^-ax-ax. (3) 

Introduce a function fx = —i{ax + ix^) on U. Then (3) means that fx is 
real. 

Proposition 1. The holomorphic differential operator Ax on L and 
its pushforward Ax to the base space Ai can be expressed as follows, Ax = 
V^j^+i/x and Ax = ix+ifx- The mapping kr 3 X Ax is a K equivariant 
representation of kr in C°°{M.). The function fx is globally defined on A4 
and satisfies the relations h{^xh~^) — ifx o tt and dfx — —iivx)^^- 

Proof. Fix a trivialization of L over an open subset U C A4, L\i; ^ U xC, 
and consider a local section of L over U, s : x ^-^ s{x) = {x,Lps{x)) G 
U X C. The function ipg corresponding to s is defined by the equality 
i's{Q)Q = s{x) for q e L*, x — ^{q). At the point q = {x,v) e U x C* 
we have {x,ipsix,v)v) — {x,(psix)), whence %l)s{x,v) — ips{x)v~^. To find 
the local expression of the operator Ax calculate its action on '0s(x, i)), 
{ix-axvd/dv){ifsV'^) = i^x^s + ax'-Ps)v~'^. Thus, locally. Ax = Cx + ax = 
{^x — + + dx) = + ifx- Pushing it forward to U we 

get Ax = e-^{^x + ax)e* = ^ + (^^ + ax) = ^x + ifx- The K- 
equivariance of the mapping kr 3 X ^-^ Ax follows from the fact that 
K acts on the hermitian line bundle (L, h) by the line bundle automor- 
phisms which preserve the metrics h. We have locally that h{^^h^^) = 
e~*|f — ax'y<9/(9f )e*|f 1^^) = C^x^ + dx = ifx°'^- To prove the last rela- 
tion of the Proposition we notice that i{^x)'-^ is of the type (0, 1) and i{rjx)^ is 
of the type (1, 0).We have to show that dfx — — i(^x)<^ and dfx — —i{rjx)uj. 
These equalities are complex conjugate, so we prove the former one. Let 
{z^} be local holomorphic coordinates on U and C,x = a^{z)d / dz^ . Then 
dfx = -id{ax + ^x^) = -id^x^ = -ia^{z){d'^^/ dz^dz^)dzK Taking into 
account that uj = i^d"^^ / dz'^ dz^)dz'^ A dz^ we immediately obtain the desired 
equality, which completes the proof. 
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It follows from Proposition 1 that to a hermitian line bundle (L, h) Ai 
on which the group K acts by holomorphic automorphisms which respect 
the metrics h there corresponds an s- module s on M.. The relation dfx — 
—i{vx)<^ implies that uj{vx, vy) = f[x,Y], therefore the (l,l)-form correspond- 
ing to the s-module s is the curvature u of the canonical connection V on L. 
The pushforward of the operator Ax to Ai coincides with the operator Ix, 
associated to s, Ax = Ix- The mapping 3 X ^ Ax can be extended to 
the homomorphism of the algebra U{gc) to the algebra of holomorphic dif- 
ferential operators on L, U{gc) 3 u ^ Au- Since the pushforward mapping 
is a homomorphism of the algebra of holomorphic differential operators on L 
into the algebra of differential operators on 7W, we get the following corollary 
of Proposition 1. 

Corollary. To a hermitian line bundle {L, h) ^ Ai on which the 
group K acts by holomorphic automorphisms which respect the metrics h 
there corresponds an s-module s on At such that for any u G li{gc) the 
pushforward of the operator Au from L to Ai coincides with the operator lu, 
associated to s, Au = lu- 

Denote by Lean the canonical line bundle of M., i.e., the top exterior 
power of the holomorphic cotangent bundle T*'Ai of Ai, Lean = A'^T*'Ai, 
where m = dimcA^. Its local holomorphic sections are the local holomorphic 
m-forms on Ai. Let /i be a global positive volume form on Ai. One can 
associate to it a hermitian metrics /i^ on Lean such that for an arbitrary local 
holomorphic m-form a on A4 h^^a) = a Naj \x. 

Recall that the divergence of a vector field ^ with respect to the volume 
form 11 is given by the formula div^^^ = C^^^/ where is the Lie derivative 
corresponding to ^. 

Let the volume form on be i^-invariant. Then for X & kr diY^vx = 
div^i^x + diVjuT^x = 0. Since is real, it follows that div^^x and div^Tyx are 
complex conjugate and thus pure imaginary. For X & kr introduce a real 
function Z™" = —idiv^^x- 

The natural geometric action of K on the hermitian line bundle {Lean, h^) 
by holomorphic line bundle automorphisms preserves the metrics h^. The 
corresponding infinitesimal action of an element X & kr on the local holomor- 
phic m-forms on A4 by the Lie derivative C^^ , defines a global holomorphic 
differential operator Ax on I/ca„. 

Proposition 2. The holomorphic differential operator Ax on Lean ^■s 
given by the formula Ax = V^^ -|- div^^x = V^^ -|- ifx"'- 
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Proof. Let U C be a local coordinate chart with holomorphic coordi- 
nates {z''}. The form ao = dz^A. . .Adz"^ is a local holomorphic trivialization 
of Lean- Set $ = — log /i(ao)- Then locally on {U,ao) fi = e'^aoAao and V = 
d — (9$. Since C,x is a holomorphic vector field and is an anti- holomorphic 
form, we get C^^ao = 0. Therefore, C^^^ = (^x'^')e*ao/\Q;o + e*(£^j^ao) Acio- 
On the other hand, C^^fi = (div^^x)/^ = (div^^x)e*ao A do. Therefore, 
(div^^x)tto = (^x^)tto + '^^x^o- Let a = fao be a holomorphic m-form 
on U. The holomorphic function / represents the local holomorphic sec- 
tion a of Lean in the trivialization {U,ao). Now C^^a = C^^{fao) = 
(^x/)ao + /Ax«o = ii^x - Cx$)/)«o + (div^^x)a = (Vg^ + div^^x)"- 
The Proposition is proved. 

Applying Proposition 1 we obtain the following 

Corollary. The pushforward of the operator Ax to M. is Ax = + 
div^^x = ix + ifx^ ■ The mapping 3 X ^ ^x + ifx"" ^■^ ^ K-equivariant 
representation of kr in C°°{M.). 

This means that if there exists a i^-invariant measure yU on A^, we get an 
s- module on A^. It is easy to check that if we replace by an arbitrary K- 
invariant measure c-/i, c G R+, we will get the same functions fx^, X e kr, 
and thus the same s-module. This s-module will be called canonical and 
denoted Scan- If the set of nondegenerate s- modules on Ai is non-empty, then 
there exists i^-invariant symplectic (pseudo-Kahler) form on Ai associated 
to a nondegenerate s-module. The corresponding symplectic volume is K- 
invariant as well, and therefore gives rise to the canonical s-module. 

Suppose /i is a i^-invariant measure on Al, and kr 3 X Ix = ix + ifx 
is a ii'-equivariant representation of kr in C°°(A1), which corresponds to the 
s-module s G S*. For a differential operator A in C°°(A1), denote by A* its 
formal transpose with respect to the measure /i, so that for all 4>,ijj & C^(Al) 
holds J{A(f))tpdfi = J (j){A^ijj)dn. Consider the i^-equivariant representation 
kr 3 X {l-xY = (,x — "ifx + div^^x- It corresponds to the s-module 
which we call dual to s and denote by s'. Since the canonical module s^an 
corresponds to the i^'-equivariant family {— zdiv^,^x}; we get s' = — s -|- s^an- 

5. Deformation quantizations with separation of variables 

Recall the definition of deformation quantization on a symplectic manifold 
Ai introduced in 

Definition. Formal differentiable deformation quantization on a symplec- 
tic manifold Al is a structure of associative algebra in the space of all formal 
series C°°(Al)[[z/]]. The product -k of two elements / = J2r>o^^fr, 9 = 
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J2r>o^^9r of is given by the following formula, 

f^g-T.^^ E Ci(fj,gk), (4) 

where Cr{-, ■), r = 0, 1, . . ., are bidifferential operators such that for smooth 
functions (f, ijj on M. holds Co((/5, ijj) = ipijj and Ci(y9, ■?/') — Ci (-(/', = i{ip, ip}. 
Here {•, •} is the Poisson bracket on A^, corresponding to the symplectic 
structure. 

Then the product ★ is called a star-product. The star-product can be 
extended by the same formula (4) to the space J- — C°°{J\A.)[v~^ of 
formal Laurent series with a finite polar part. 

Since the star-product is given by bidifferential operators, it is localizable, 
that is, it can be restricted to any open subset U <Z M.. For U <Z M. denote 
jr(C/) = C~(?7)[z/-i,i/]] and for f,g e J^{U) let Lf and Rg denote the left 
star-multiplication operator by / and the right star-multiplication operator 
by g in J^{U) respectively, so that Lfg = f-kg = Rgf . The operators Lf and 
Rg commute for all f,g E J^{U). Let JC{U) and 7^(^7) denote the algebras 
of left and right star-multiplication operators in T{U) respectively. It is 
important to notice that both left and right star-multiplication operators are 
formal Laurent series of differential operators with a finite polar part (i.e., 
with finitely many terms of negative degree of the formal parameter i/). We 
call such operators formal differential operators. 

Let be a complex manifold endowed with a pseudo-Kahler form cuo- 
This means that cuq is a real closed nondegenerate form of the type (1, 1). 
Then Ai is a pseudo-Kahler manifold. The form cuq defines a symplectic 
structure on A4. 

A formal deformation of pseudo-Kahler form o^o is a formal series oo = 
cuq + vuji -|- . . ., where a;^, r > 0, are closed, possibly degenerate forms of the 
type (1, 1) on M.. On any contractible chart U <Z M. there exists a formal 
potential $ = $o + + . . . of c<j, which means that uj.f = idd^r, r > 0. 

Definition. Deformation quantization on a pseudo-Kahler manifold Ai 
is called quantization with separation of variables if for any open U G Ai 
and any holomorphic function a{z) and antiholomorphic function b{z) on 
U left ★-multiplication by a and right ^-multiplication by b are point-wise 
multiplications, i.e.. La = a and Ri, = b. 

We call the corresponding ^-product a ★-product with separation of vari- 
ables. 
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In [0 a complete description of all deformation quantizations with sepa- 
ration of variables on an arbitrary Kahler manifold was given. It was shown 
that such quantizations are parametrized by the formal deformations of the 
original Kahler form. The results obtained in |^ are trivially valid for pseudo- 
Kahler manifolds as well. 

Theorem 2. Deformation quantizations with separation of vari- 

ables on a pseudo-Kdhler manifold M. are in one-to-one correspondence with 
formal deformations of the pseudo-Kdhler form uoq. If there is given a quan- 
tization with separation of variables on M. corresponding to a formal defor- 
mation uj of the form ujq, U is a contractible coordinate chart on M. with 
holomorphic coordinates {z^}, and ^ is a formal potential of uj, then the 
algebra C{U) of the left -k -multiplication operators consists of those formal 
differential operators on U which commute with all z^ and d^/dz'' + ud/dz'' . 
Similarly, the algebra 'R-{U) of the right -k-multiplication operators on U con- 
sists of those formal differential operators which commute with all z^ and 
d^/dz^ + ud/dz^ . 

Remark. Given the algebra C{U), one can recover the ^-product f -kg for 
f,gE ^{U) as follows. One finds a unique operator A e C{U) such that 
Al = f. Obviously, A = Lf, whence f -k g = Ljg. 

Let (JF, -k) denote the deformation quantization with separation of vari- 
ables on M. corresponding to a formal deformation uo = ujo + uuji -|- ... of a 
pseudo-Kahler form c^o- Then for f, g E J-" f -k g = J2r ^^Cr{f, g) for bidiffer- 
ential operators Cr(-, ■). Later we shall meet the product ^ on JF, opposite to 
the T*r-product -k. This means that for f,gEJ-' f^g = g f = J2r ^^Cr{g, /), 
whence it is straightforward that i: is the ^-product corresponding to a formal 
deformation quantization on the symplectic manifold [Ai, —ujq)- 

Denote by C, TZ the algebras of left and right star-multiplication operators 
of the deformation quantization (JF, and by Lf,Rf the operators of left 
and right star-multiplication by an element f E T respectively. It is clear 
that = Rf,Rf = Lf,C = IZ.IZ = C. If a, 6 are, respectively, a holomor- 
phic and antiholomorphic functions on an open subset U <Z M., then = b 
and Ra = a. This means that the product k is a ^ir-product with separation of 
variables on the complex manifold Ai, opposite to M. (i.e., with the opposite 
complex structure). 

Let U he a contractible coordinate chart on Ai with holomorphic coordi- 
nates {z''}, and $ a formal potential of u, then the algebra C{U) = IZiU) con- 
sists of formal operators, commuting with all z^ and d^jdz^ ^vdjdz^ . Since 
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on Ai holomorphic and antiholomorphic coordinates are swapped, the formal 
(l,l)-form on 7W, corresponding to the quantization {J^,i) is idd^ = —uj. 
This (l,l)-form is a formal deformation of the pseudo-Kahler form —loq on 
M. 

Let be a ii'-homogeneous complex manifold, Sq, Si, . . . be s-modules 
on Ai, {fx} and cj,„ be the /C-equivariant family and the (l,l)-form on Ai, 
respectively, associated to s„. Then dfx = —i{vx)(-On. Assume that Sq is 
nondegenerate, i.e., cuq is a pseudo-Kahler form. 

Denote by {^,*) the deformation quantization with separation of vari- 
ables on Ai corresponding to the formal deformation u = Uq + foJi -|- ... of 
the pseudo-Kahler form ujq. Since all the (l,l)-forms a;„ are /T- invariant, the 
T*r-product -k is invariant under i^-shifts. 

For X & kr denote fx^ = /x + ^fx + Introduce a formal operator 

1%^-ix+mfP. 

Proposition 3. The mapping kr 3 X t"x ^■^ ^* -^^^ algebra homo- 

morphism of kr to the algebra C{Ai) of the left i^- multiplication operators of 
the deformation quantization {J^^-k). It is K-equivariant with respect to the 
coadjoint action on k,. and the conjugation by shift operators in C{Ai). 

Proof. The mapping kr 3 X i-^ tx is a K-equivariant Lie algebra ho- 
momorphism to the Lie algebra of formal operators on Ad if and only if 
Uf^Y^ - ^YfP = /gy] and T,fP = f[%^^ for all X,Y e K and k G K. 
These relations follow immediately from the corresponding relations for the 
functions fx- Theorem 2 tells that in order to show that Ix^ e ^(•^) 
one has to check that for a formal potential $ of a; on any contractible 
coordinate chart U with holomorphic coordinates {z''} the formal operator 
^x^ — ^x + {i/i^)fx^ commutes with all z'' and d^/dz^ -\- vdjdz^ . Thus we 
have to check the equahty 

ix{d^ldz')^idft^ldz\ (5) 

Taking into account that o; = idd^ = i{d^^/dz'^dz')dz'' A dz^ and writing 
down the local expression for ^x, Cx = a^{z)d/dz^, we rewrite the left hand 
side of (5) as follows, a^{z)&^^/dz^dzK On the other hand, idfx^jdz^ — 
i < —i{vx)^-,d/dz} >= —iu!{vx:d/dz'-) = a^{z)d'^^/dz^dz^ , which proves 
(5) and completes the proof of the Proposition. 

Extend the mapping kr 3 X l^x the homomorphism lA {qc) 9 m i— > 
ll^^ from U{ge) to cIm) and set a^^^ = I'^h. 
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Corollary. The mapping lA{gc) 3 u ^ is a hornornorphisrn from 
U{gc) to the algebra (J^, K-equivariant with respect to the adjoint action 
on U{gc) and the shift action on T . 

It follows that the mapping lA (gc) 3 u ^ maps the elements of the 
center Z{gc) of lA{gc) to formal series with constant coefficients. 

Lemma 7. For z E Z{gc) the operator l^^^ is scalar and is equal to cr^^^ . 

Proof. If A e C{M) then A = Lj ioY f = Al e T. Therefore l^^^ = 
L (-u). Let B denote the multiplication operator by the formal series with 

constant coefficients a^^^ . It commutes with all formal differential operators 
and therefore B e L{M). Since B\ = a^^'^ we get that l^^^ = B. The Lemma 
is proved. 

It was shown in Section 3 that for a given s-module s on 7W the function 
Uz = Iz^^ z E 2{gc), is scalar and is equal to the value ip{z) of the central 
character ■0 associated to s. Yet it does not mean that ior z e Z the cor- 
responding operator is scalar. We shall use deformation quantization to 
prove the following proposition. 

Proposition 4. Let Si be an arbitrary s-m,odule on M., lu, u G U{gc), 
and ip be the associated operators and the central character ofU{gc) respec- 
tively. If the set of nondegenerate s-modules on M. is non-empty then for 
z G Z{gc) holds 1^ = ip{z) ■ 1. 

(We denote by 1 the identity operator.) 

Proof. Choose a nondegenerate s-modulc Sq. Denote by {fx} and by 
uij the i^T-equivariant family and the (l,l)-form associated to Sj, j = 0, 1, 
respectively. Consider a parameter dependent s-module s{t) — tso + Si. The 
X-equivariant family {fx} associated to s(t) is such that fx = tfx + fx- 
Thus for X E kr the operator lx{t) associated to s{t) is given by the formula 
lx(t) = C,x + iitfx + fx)- When t = the operator Ixit) reduces to the 
operator Ix = ix + ifx associated to the (possibly degenerate) s-module 
Si. If we replace the parameter t in lx{t) by l/u we will get the operator 
Ix^ — Cx + (V^)(/x + ^fx) the deformation quantization with separation 
of variables {J-',-*^) which corresponds to the formal (l,l)-form u! = ujq-\- vuoi. 
For z G Z{gc) the operator Izit) is polynomial in t. If we replace t by l/u 
in Izit) we will get the operator I'f'^ which is scalar by Lemma 7. Therefore 
lz{t) is scalar as well. Taking t = we get that the operator /^(O) = Iz 
associated to the s-module Si is scalar. Since Izl — Oz — '^{z) it follows that 
Iz — ip{z) ■ 1. This completes the proof. 
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Theorem 3. Let {L, h) M. he a hermitian line bundle on Ai on which 
the group K acts by holomorphic automorphisms which preserve the metrics 
h. The algebra U{g^ acts on {L, h) by holomorphic differential operators 
Au, u G U{g^. Let s be the corresponding s-module on 7V1 and ip be the 
central character of U{gc) associated to s. // the set of nondegenerate s- 
modules on M. is non-empty, the center Z{g^ ofU{g^ acts on the sheaf of 
local holomorphic sections of L by scalar operators = 'ipiz) -1, z E Z^g^). 

Proof. It follows from Proposition 3 and Corollary to Proposition 1 that 
for z G Z{gc) the pushforward of the holomorphic differential operator A^ 
from L to is scalar and is equal to ip{z) = (Tz. Now the theorem is a 
consequence of the fact that the pushforward mapping A\^ Ais injective. 

6. s-modules on flag manifolds 

We are going to apply the results obtained above to the case of K be- 
ing a compact semisimple Lie group. The general facts from the theory of 



semisimple Lie groups mentioned below may be found in |T6 



Let gc be a complex semisimple Lie algebra, he its Cartan subalgebra, /i* 
the dual of he, W the Weyl group of the pair {gc,hc), A, A+, A~,S C /i* 
the sets of all nonzero, positive, negative and simple roots respectively, 6 the 
half-sum of positive roots. For each a G A choose weight elements Xa G gc 
such that [Ha,X±a] = ±2X±a for Ha = [Xa,X^a]- 

An element A G /i* is called dominant if X{Hc,) > for all a G S, and is 
a weight if X{Ha) G Z for all a G S. Denote by W the set of all weights in 
h* (the weight lattice). 

Fix an arbitrary subset G of S and denote by < > the set of roots 
which are linear combinations of elements of B. Then 11 =< > UA^ is a 
parabolic subset of A. Denote by gf the Levi subalgebra of gc generated by 
he and Xa, a G< 6 >, and by Qc the parabolic subalgebra generated by he 
and Xa, a G n. 

Denote by gr,qr,gf the realifications of gcQcdf respectively, and by J 
the complex structure in g^. inherited from ge- 

Let kr C gr denote the compact form of ge generated by JHa,Xa — 
X-a, J{Xa + X_a), ct G A. Define kf = kj. H gf = kr H qe- It is generated 
by JHa, a G A, and Xa — X^a, J{,Xa + X^a), Oi G< 6 >. 

Introduce the real Lie algebra tr = heH kr, the Lie algebra of a maximal 
torus in K. It is generated by JHa, a E A. 

Let G be a complex connected simply connected Lie group with the Lie 
algebra gr, G® and Q the Levi and parabolic subgroups of G with the Lie 
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algebras gf and g,. respectively. In the rest of this paper K will denote 
maximal compact subgroup of G with the Lie algebra kr, and = KdG^ — 
K r\Q. It is known that is the centrahzer of a torus and is connected, 
and that G/Q = K/K^ is a complex compact homogeneous manifold (a 
generalized flag manifold). Denote it hj M.. 

Denote by Xq the class of the unit element oi K m M. (the "origin" 
of Ai) and by £ the set of all /T^-invariant points of kj.- The set of K- 
equivariant mappings 7 : — > /cr is parametrized by E so that 7 corresponds 
to E — 7(xo) G 8- Since the group is connected, the set £ is the 
centrahzer of . It is easy to check that £ — {H e tr\a{H) — for all 
a G< >}. 

Denote by (•, •) the Killing form on Qc- It is C- linear, and its restriction 
to kr is negative-definite. 

Identify the dual k* of the Lie algebra kr with kr via the Killing form. 
We are going to show that any 7^-equivariant mapping : Ai kr (or 
the fT-equivariant family defined by 7) corresponds to an s-module on Ai. 
Let fl <Z kr he the orbit of the point E = 7(2:0) G £, lj^ be the Kirillov 
2-form on Q, and Vx, X e kr, the fundamental vector fields on Q. Then 
the 2-form a; on corresponding to 7 equals 7*0;^. It is known that at the 
point E enioT X,Y E kr holds lu^{v^,v^) = {E, [X, Y]). Thus at the point 
Xo E A4 uj{vx,Vy) = {E, [X,Y]). The tangent space T^^M. to the complex 
manifold }A carries the natural complex structure J. In view of Theorem 1 
in order to show that the mapping 7 corresponds to an s-module it is enough 
to check that the form uj on the tangent space Tr^^M. is of the type (1,1) or, 
equivalently, that for any ^1,^2 G Tr^.^^M. holds uj{vi,V2) = uj{Jvi, Jv2). We 
can identify T^^Ai as a real vector space with the subspace of A-;,, generated by 
the basis consisting of the elements X^—X^a, J{Xa+X_a), ct G A+\ < >. 
Since gr/qr = K/kf, we get that J{Xa — X^a) — J{Xa + X^a) for a G 
A+\ < >. The tangent space T^^M. can be represented as the direct sum 
of 2-dimensional real subspaces spanned by the vectors X^ — ^-a, J{Xa + 
X_Q,)i <^ G A+\ < >. These subspaces are mutually orthogonal with 
respect to the skew-symmetric form (£",[■,■]). Now, for a G A+\ < > 
we have (E, [J{X^ - X_«), JJ{X^ + X_„)]) = (E, [J(X„ + X_«), -(X„ - 
X_^)]) = {E, [X^ - X_^, J{X^ + X_^)]) = t{E, [X^ - X_^, X^ + X_^]) = 
2i{E,Ha). Thus the form uo is of the type (1,1). For a G A\ < > the 
linear functional £ 3 H ^ a{H) is nonzero, therefore the set £reg = {H G 
£\{H, Ha) 7^ for all a G A\ < >} is a dense open subset of £. The form 
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uj is nondegenerate iff G Ereg- 

It is known that under the adjoint action of the compact group K on 
the isotropy subgroup of any element of ky. is connected. Now if uj is 
nondegenerate, the isotropy subgroup oi E = 7(xo) coincides with and 
thus the mapping 7 : — > f2 is a bijection. 

Define a sesquilinear form < -, ■ > on iTM.^ J) by the formula < vi,V2 >= 
uj{vi, JV2) — iuj{vi,V2)- If w is nondegenerate and thus pseudo-Kahler, the 
form < •, ■ > is the corresponding pseudo-Kahler metrics on Ai. The vectors 
Xa — X^a, Oi G A+\ < 6 >, form a basis in the complex vector space 
(TcqTVI, J). They are orthogonal with respect to the form < -, ■ >. We have 

< Xa — X_a,Xa — X^a >= {E , [Xa — X_a, J{Xa + X_a)]) = i{E, [Xa — 

X.a,Xa + = 2i{E,Ha) = 2{E,JHa). (Notice that since E,JHa G 

tr, {E, J Ha) is real.) Thus we have proved the following theorem. 

Theorem 4. To an arbitrary K-equivariant mapping 7 : — fc^ there 
corresponds an s-module s on M.. It is nondegenerate iff for E = 7(xo) 
and all a G A\ < 6 > holds {E,Ha) 7^ 0. The set of nondegenerate s- 
modules on M. is non-empty. For a nondegenerate s the associated mapping 
: Ai ^ Vt = 7(A^) is a bijection and the pseudo-Kahler structure on Ai, 
pushed forward to the orbit Q defines a pseudo-Kahler polarization on it. The 
index of inertia of the corresponding pseudo-Kahler metrics < ■, ■ > on Ai 
(i.e. the number of minuses in the signature) equals i^{a G A+\ < > 
\iE,JHa)<0}. 

7. Convergent star-products on flag manifolds 

We are going to extend the class of convergent star-products on general- 
ized flag manifolds introduced in |Q, using results from p. We retain the 
notations of Section 6. In particular, the group K is compact semisimple and 

is a generalized flag manifold. 

A representation of the group K in a vector space V is called /^-finite 
if any vector f G is iT-finite, i.e., the set {kv}, G -ft', is contained in a 
finite dimensional subspace of V. If this is the case, V splits into the direct 
sum of isotypic components. For a dominant weight ( & W denote by 
the component isomorphic to a multiple of irreducible representation of K 
with highest weight (. 

For a if-homogeneous manifold M denote by F{M) the space of contin- 
uous functions on M ii'-finite with respect to the shift action. Since K is 
compact, it follows from the Frobenius theorem that each isotypic component 
F{M)'~- is finite dimensional. 
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Let Q G kr he a i^-orbit. A function on Q is called regular if it is the 
restriction of a polynomial function on kr- It is easy to show that the set of 
all regular functions on Q coincides with F{Q) (see, e.g.,[^). 

Let d he a nonnegative integer. Denote by Ua the subspace of U{gc), 
generated by all monomials of the form Xi . . . X^, where Xi, . . . , X^ G Qc 
and k < d. The subspaces {Ud} determine the canonical filtration on lA{gc). 

The symmetric algebra S{g^ can be identified with the space of polyno- 
mials on kri so that the element X G Qc corresponds to the linear functional 
on kr, X{Y) = {X, y), y G kr- Let S'^{gc) he the space of homogeneous poly- 
nomials on kr of degree d. The graded algebra, associated with the canonical 
filtration on U{gc) is canonically isomorphic to S{gc), so that Ud/Ud-i cor- 
responds to S'^{gc)- For u E Ud let u^'^^ denote the corresponding element 
of S'^{gc). If k < d and u = Xi . . . X^ E Ud, then vS'^'^ = hi k < d and 
M^'^) = Xi... Xd for k = d. 

We say that a parameter dependent vector v{h) in a vector space V 
depends rationally on a real parameter h if v{h) can be represented in a 
form v{h) = ^jaj{h)vj for a finite number of elements Vj G V and rational 
functions aj{Ti), i.e., v{li) G C{{fi)) ® V, where C((ft)) is the field of rational 
functions of h. Denote by 0{h) C C{{h)) the ring of rational functions of h 
regular at ^ = 0. Vector v{h) is called regular at /i = if v{h) G 0{h) V. 

Let v{h) = J2r K'vr, Vr G V , he the Laurent expansion of v{h) at /i = 0. 
Since v{h) depends rationally on h, its Laurent expansion has a finite polar 
part. Denote by '^{y{T%)) the corresponding formal Laurent series, '^{y{fi)) = 

The set 5* of s-modules on is a finite dimensional vector space. Thus we 
can consider an s-module s(^) on A4 depending rationally on h and regular 
at h = 0. Denote by uj{h) the (l,l)-form associated to s{h). It is clear 
that uj{h) also depends rationally on h and is regular at h = 0. Moreover, 
\E'(s(/;,)) = J2r>o^^^r for some s^. G S and "^{uj^h)) = J2r>o^^^r where Ur is 
the (l,l)-form associated to s^. 

Denote by 7(^), 7^ : — kr the i^-equivariant mappings and by {fx^}, 
{fx} the iiT-equivariant families corresponding to s{h), respectively. For 
X E kr the function on A4 depends rationally on h, is regular at h = 

and^{fP) = j:r>o^'fx- 

The i^'-equivariant family corresponds to the s-module 

{l/h)s{h). 
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It will be convenient to us to denote by u E V({gc), the operators on 
Ai associated to the s-module (l/h)s{h) (rather than to s(^)) and set c^'*-' = 
4^)1. In particular, for X e K if = U + {i/li)fP and af = {i/h)jf\ 

Let T>fi denote the algebra of differential operators on M. depending ra- 
tionally on h. 

Lemma 8. For u E Lid the differential operator h'^l^^^'^ belongs to Vj^. 
It is regular at h = and Mmn-^o h'^l'>^^^ is a multiplication operator by the 
function i'^ ]/'^^ o ^q. In particular, the function hf'a^^ depends rationally on 
h, is regular ath — and lim;i_>o h'^cr^^ — i"^ y^"^^ o 70. 

Proof. The function fx^ equals fx — 2L^^^ ° 7o at h = 0. Let u = 
Xi...Xk, Xj e kr, for k<d. Then u e Ua- We have h'^l^^'^ = h¥fl . . . if^ = 
h'^-^ihix, + ifxl) ■ ■ ■ (Hx, + ifxl)- Thus the limit lim^.^o hH'i^^ equals zero 
ii k < d and equals i'^fx-^ ■ ■ ■ fx^ — ^'^ 1^'^^ o jq ii k = d, whence the Lemma 
follows immediately. 

For the rest of the section denote O, = 70 (A^) and assume that the s- 
module Sq is nondegenerate, so that loq is pseudo-Kahler. Then Theorem 4 
implies that the i^-equivariant mapping 70 : — >^ O is a bijection. Thus 
7q : F{Q) — > F{Ai) is an isomorphism of fC-modules. 

Proposition 5. // the s-module Sq is nondegenerate, then for any 
f e F[M.) there exist elements Uj G Ud(j) for some numbers d{j) and rational 
functions aj{h) regular ath — 0, such that f — ^j'hf'^^'^ aj{h)a^^ for all hut 
a finite number of values ofh. 

Proof. Fix a dominant weight ( G W. The subspace Ud C U{gc) is 
invariant under the adjoint action of the group K, and is finite dimensional. 
The mapping Ud 3 u ^ y^'^^ G S'^{gc) is i^-equivariant, therefore it maps 
to Since the space F{Q) coincides with the space of regular functions 

on Q and is isomorphic to F(A1), one can choose elements Uj G W^^^^ for 
some numbers d{j) such that the functions fj = i'^'^^^Uj^'^^^^^ o 70 form a basis 

{fj} in F(A1)^. Since the function fj = h'^^^^ af on A4 depends rationally 
on h and is regular ai h = 0, the elements of the matrix {hjk{h)) such that 
fj = Hkbjkih)fk are rational functions of fi regular at /i = 0. It follows 
from Lemma 8 that the matrix {bjk{h)) coincides with the identity matrix at 
^ = 0. Thus the elements of the inverse matrix {akj{h)) — {bjk{h))~^ such 
that fk = J2j C'kj{h)fj = J2j cikj{h)h'^^^^ af are also rational functions of h 
regular at ^ = 0. Now the Proposition follows from the fact that the space 
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F{Ai) is a direct sum of the subspaces F{Ai)'^. 

Let {Ah, *h) denote the algebra of functions on Ai associated to the s- 
module {l/h)s{?i). Any function / e F{M.) can be represented in the form 
/ = Ej for some Uj e Ud(j)- Thus f E An for all but a finite 

number of values of h. 

For a function g G An holds / 

*h9 = T.j'h^^^^aj{h)lf^g. We get from 
Lemma 8 the following corollary to Proposition 5. 

Corollary. Any functions f,g & F{A4) are elements of the algebra 
iAn,*n) for all but a finite number of values of h. The product f *n 9 as 
a function on depends rationally on h and is regular at h — 0, i.e., 

f*ngeOih)®F{M). 

Remark. It is easy to show that extending the multiplication *h by 
0(^)-hnearity we obtain the associative algebra {0(h) F{M.), *n) over the 
ring 0{h) of rational functions of h regular at ^ = 0. 

Denote by u the formal (l,l)-form "^(uj^h)) = 000 + 1/001 + . . .. It is a formal 
deformation of the pscudo-Kahler form ujq. Denote by (JF, -k) the deformation 
quantization with separation of variables on Ai corresponding to u. 

Set fP = ^if^P) = /o + + . . .. Then ^{if) = + (V^)/^^- It 
follows from Proposition 3 that for X the operator tx — -\- i'i/i^)fx^ 
belongs to the algebra C of left T*r-multiplication operators of the deformation 
quantization {J-','k). It is easy to check that the mapping Vr,. 3 A ^(^) is 
a homomorphism from to the algebra of formal differential operators on 
M, therefore for u e U{gc) ^{l^^^) = l^^^ G C. 

Represent a function / e F{M) in the form / = J2j^'^^^o,j{h)a^^ for 

some Uj e WdQ) and consider the operator A — Y^jh'^^^ aj{h)l^^^ e V^.. It 
follows from Lemma 8 that A is regular at ^ = 0. It is straightforward that 
^(A) G C and Al = f , whence one can easily obtain that ^(^4)1 = / and 
therefore \E'(A) = Lj. 

For g e F(A^) the product f *n 9 = Ag is a function on Ai which 
depends rationally on h and is regular at ^ = 0. Therefore the product f *ng 
expands to the uniformly and absolutely convergent Taylor series in h at 
^ = 0. Finally, \1'(/ *n g) — ^{-^g) — Lfg — f -k g. Thus we have proved the 
following theorem. 

Theorem 5. Let s{h) be an s-module on Ai which depends rationally 
on the parameter h and is regular ath — 0, and u!{h) be the associated (1,1)- 
form. Then ^{s{h)) — X^r>o ^^^r for some G S. Assume that the s-module 
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So is nondegenerate and denote by {An, *h) the algebra of functions associ- 
ated to the s-module {l/h)s{h). Any functions f,g & F{Ai) belong to An 
for all but a finite number of values of h. The product f *n g expands to the 
uniformly and absolutely convergent Taylor series in h at the point h = 0, 
f *h 9 = J2r>o h^Crif, 9)' where Cr{-, ■),r = 0, 1, . . are bidifferential oper- 
ators which define the deformation quantization with separation of variables 
on corresponding to the formal deformation u = "^{u^h)) = uq-I-uui-I- . . . 
of the pseudo-Kdhler form uoq. 

8. Characters associated to s-modules on flag manifolds 

Since the group K is compact, there exists the i^T- invariant measure of 
the total volume 1 on the flag manifold M.. Let s be an s-module on M. and 
A the corresponding algebra of functions on M.. 

It is known that U{g,) = Z{g,) © [U{gc),U{g,)] (see H). Let U{g^) 3 
u ^ denote the corresponding projection of U{gc) onto Z{gc)- Recall the 
following 

Definition (see 
of gc if: 

(1) k{uv) = k{vu), k(1) = 1; 

(2) K,{u%) = k,{u)k,{v) {u,v G U{gc)). 

Thus one has n{u) = k{u^) for all u G U{gc)- Moreover, k is then a homo- 
morphism of Z{gc) into C, a central character of gc- This central character 
determines k completely. 

Fix an s-module s on and let /„, u G U{gc), be the operators on JH, 
associated to s, cr^ = lu^ and ip be the corresponding central character of 
W(fl'c), tpiz) = a^, z e Z{gc). 

Proposition 6. A linear form k{u) = fj^Uu dfi, u G tl{gc), onU{gc) 
is a character of gc- For z G Z{gc) k{z) = ip^z). 

Proof. Since the mapping u 1— cr^ = is i^'-equivariant and the measure 
fi is i^'-invariant, for k & K holds K,{Ad{k)u) = n{u) or, infinitesimally, for 
X E kj. k{Xu — uX) = 0, therefore k,{uv) = k,{vu). The measure fi is of the 
total volume 1 and for z G Z{g^ = is scalar, therefore k{z) = iplz). 
In particular, k(1) = 1. Thus (1) is proved. Now, using that for u G U{gc) 
holds M° G Z{gc) and luo = (JyO is scalar, we get hi{u^v) = J /„Ot,l dfi = 
J luolyi dfi = J Iv^ dfi = k{u^)k{v). This completes the proof of the 
Proposition. 

Remark. Proposition 6 implies that to any s-module s on there 
corresponds a character k of the Lie algebra gc- The central character Z{gc) 3 



16]). A linear form k : U{gc) ^ C is called a character 
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z ^ k{z) of U{gc) coincides with the central character ilj associated to s. 
Moreover, the mapping A 3 f ^ t{f) = Jj^^ f dfj. is a trace on the algebra 
A, i.e., t{f *g)^ t{g * /) for f,geA. 

Let r be an n-dimensional irreducible representation of gc- Since for 
z G Z{gc) is scalar, it is straightforward that k,^ = (l/'ri)tr r is a 

character of g^.. In particular, Z^g^) 3 z ^ i^t{z) is the central character of 
the representation r. 

Proposition 7. Let r he an n-dimensional irreducible representation 
ofU{gc) in the vector space V and s be an s-module on Ai. If the central 
character associated to s coincides with the central character of the repre- 
sentation T, then there exists a representation p of the algebra A in the same 
vector space V such that t = po a. 

Proof. Since the characters = (l/n)tr r and k — Jjt^a dp, oi gc 
coincide on Z{g^, they coincide identically. We have that for u,v & U{g^ 

tY{T{u)T{v)) = tr t{uv) = n j auv dp = n j au* o'y dp. (6) 

Assume that a-t, — 0. Then the last expression in (6) is zero for all u EU{gc). 
Since r is irreducible, t{u) is an arbitrary endomorphism of the representation 
space V, therefore t{v) = 0. Thus the representation r factors through the 
mapping a : lA{gc) ^ A, r = p o a. The Proposition is proved. 

9. Holomorphic line bundles on flag manifolds 

The Levi subgroup G® C G is reductive. The pair {gf, he) has a root 
system < G >. Induce the ordering on < G > from A. Denote by VF® the 
Weyl group of the pair {gf, he), by Sq the half-sum of positive roots from < 
G >, and set 6q = d — Sq. The one-dimensional holomorphic representations 
(the holomorphic characters) of G® are parametrized by the set W® of W^- 
invariant weights from W. The parabolic group Q is a semi-direct product 
of G® and of the unipotent radical R of Q. For A e W® denote by xx the 
holomorphic character of Q, which is trivial on R, and whose restriction to G® 
is the character of G® parametrized by A. For H E h^ Xxi^'^P H) = cxp A(i/). 

Denote by Ca a one- dimensional complex vector space with the action of 
Q given by xx- Consider the holomorphic line bundle L\ — GxqCx. It is the 
coset space of G x under the equivalence {gq, v) — {g, Xx{<i)v), g E G,q e 
Q,v E Ca- The group G acts on Lx as follows, G 3 go : {g,v) i— {gog,v). 
Since G/Q = K/K'^, one has an alternative description of Lx, Lx = K x j^e 
Ca. Using that description one can define a i^-invariant hermitian metrics 
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h on Lx setting h{k,v) = It follows from Iwasawa decomposition that 
each element g E G can be (non-uniquely) represented as a product g = kq 
for some k E K,q e Q. Thus for g — kq we get h{g, v) — h{kq, v) — 

h{k,X\{Q)v) = \xx{q)v\'^- 

It follows from the results obtained in Sect. 4, that to the hermitian 
line bundle {Lx,h) there corresponds an s-modulc on A4. Denote it Sx- Let 
{fx}, ^ £ be the corresponding K-equivariant family which defines the 
mapping j : A4 ^ K such that (7(2;), X) = fx{x) for all x e M, X e kr- 
We are going to apply Theorem 4 to the s-modules Sa, A G W®. Calculate 
the element = 7(^0) . Since i?'^ G tr, in order to determine it is enough 
to consider only the pairing (i?'^, JHa) for all a G A. For Z E gr let be the 
fundamental vector field on Lx-, then ^§ = (l/2)(w^ — is its holomorphic 
component. For ip G C°°{Lx) vz(p{g,v) = {d/dt)ip{exp{—tZ)g,v)\t=o, g G 
G,veCx. 

Using Proposition 1 and taking into account i^-invariance of the met- 
rics h we get ifx o tt = h{^x^~^) = ^ ^ ^r- Thus 
/}^Jxo) = (l/2)/iK>-i) = (l/2)/i(e,t;)(dM)(/i(exp(-ti/„),t;))-i|,=o = 
(l/2)(ciM)(|xA(exp(-ti/„))|-')k=o = {l/2){d/dt){\expX{tH^)\'')\t=o = A(i/«) 
Now — 7(^0) is the element of U such that {E^, JHa) — X{Ha) for all 
q; G A. The following proposition is a direct consequence of Theorem 4. 

Proposition 8. T/ie s-module Sx corresponding to the holomorphic 
hermitian line bundle {Lx, h), X E W®, is nondegenerate iff for all a E A\ < 
© > holds X{Ha) 7^ 0. In this case the index of inertia of the corresponding 
pseudo-Kdhler metrics on Ai equals G A+y < 6 > \X{Ha) < 0}. 

Lemma 9. The canonical line bundle Lean on M. is isomorphic to the 
bundle Lx for X = — 25@. The canonical s-module Scan on M. coincides with 
Sx for X = -2S'q. 

Proof. The isotropy subgroup Q C G of the point xq E M. — G/Q 
acts on the fibers of G-bundles at xq. The fiber of the fine bundle Lx at 

Xq is isomorphic as a Q-module to Ca. On the other hand, the holomorphic 
tangent space of M. at Xq, T'^^^M., is isomorphic as a Q-modulc to gdqc under 
the adjoint action. For H E he the operator ad{H) on gc/qc is diagonal in the 
basis {Xa + qc}: ol E A\n, and takes the eigenvalue a{li) on X^. + qc- The 
element H Ehc acts on A'^ (gc/qc) by the scalar 26q{H), where m — dimcAl. 
Therefore the element q E Q acts on A"^{gc/qc) by X\{(l) fo^' X = 25q. The 
Lemma follows from the fact that the fiber of the canonical line bundle Lean 
at xq is dual to A"^ (gc/qc) as a Q- module. 
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Now we shall use a particular case of the Bott-Borel-Weil theorem con- 
cerning cohomological realizations of finite dimensional irreducible holomor- 
phic representations of the group G in the sheaf cohomologies of line bundles 



over A4 = G/Q (see [T^l)- Let H'^{M.,SLx) denote the space of i-dimensional 
cohomology with coefficients in the sheaf of germs of holomorphic sections of 
the line bundle Lx. The action of the group G on Lx gives rise to the action 
of G on the local holomorphic sections of Lx, which induces the action of G 
in the cohomology spaces H\M.^SLx). 

Theorem 6. (Bott-Borel-Weil) Let A G W®, k = #{a G A+|(A + 
6){H^) < 0}. // (A + 6){Ha) = for some a e A then w\m,SLx) = 
for all i. If (A + 6){Ha) ^ for all a & A one can choose w E W so that 
w{\ + S) is dominant. Then ( = w{X + 6) — 6 is dominant as well. For all 
i ^ k H\A4,SLx) = 0. The representation of the group G in H^{Jvt, SLx) is 
isomorphic to the irreducible finite dimensional holomorphic representation 
of G with highest weight (. 

Assume that an irreducible finite dimensional holomorphic representation 
r of the group G is realized in the cohomology space H''{A4,SLx) as in 
Theorem 6. Retain the same notation for the representations of the Lie 
algebra Qc and of its universal enveloping algebra V({gc) which correspond 
to T. The action of the Lie algebra gc on Lx by holomorphic differential 
operators can be extended to the action of U{gc). For u G U{gc) denote by 
Au the corresponding holomorphic differential operator on Lx- It induces the 
representation operator t{u) in H^{Jv[^SLx). 

According to Theorem 3, for z G Z{g^ the holomorphic operator on 
Lx is scalar and is equal to the value il){z) of the central character associated 
to the s-module s^. It follows immediately that the central character of the 
representation r coincides with ip. As in the proof of Proposition 7 we obtain 
that ioT u ElA {gc) holds the equality 

n j (Tu (i/i = tr r('u), (7) 

J M 

where n = dim r. According to Proposition 7, there exists a representation 
p of the algebra A of functions on A4 associated to the s-module Sx in the 
space H^{M.,SLx), such that t = p o a. 

Let {fx}i X ^ Ki be the K-equivariant family associated to s^. Since 
ax = ifx X G kr, the algebra A contains the functions fx, X G kr, 
and is generated by them. The algebra k^ acts on Lx by the holomorphic 
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differential operators Ax = 'V^^ + i/^, X G kr, due to Proposition f . The 
operator Ax induces in H'^{A4,SLx) the representation operator p{ifx)- 

Remark. For X e kr consider the operator Qx — V^^ + ifx- The 
operator Ax differs from Qx by the anti-holomorphic operator V,,^, which 
annihilates the local holomorphic sections of Lx and thus induces the trivial 
action on the sheaf cohomology. Therefore the operator Qx also induces in 
H''{A4,SLx) the operator p{ifx)- If the s-module s;s^ is nondegenerate, the 
curvature form cu of the connection V is symplectic and the function fx is 
a Hamiltonian of the fundamental vector field vx on Ai. Then the operator 
Qx is the operator of geometric quantization corresponding to the function 

We see that the Bott-Borel-Weil theorem provides a natural geometric 
representation of the algebra A in the sheaf cohomology space of the hne 
bundle Lx- 

Theorem 7. Let X E W® be such that {\ + 5){Ha) ^ for all a E A, A 
and {/x}) X E kr, be the algebra of functions on M. and the K-equivariant 
family associated to the s-module Sx respectively. The algebra A is generated 
by its elements f^, X E K. Set k = #{« E A+|(A + S){Ha) < 0}. There 
exists a unique finite dimensional irreducible representation p of the algebra A 
in the space H^{M..SLx) such that for all X E kr the representation operator 
p{ifx) is induced from the holomorphic differential operator V^^ + ifx on 
Lx. There exists an element w eW such that C, = w{X + 6) —6 is a dominant 
weight of the Lie algebra Qc. The representation r = poa of Qc in H^{M., SLx) 
is irreducible with highest weight C,. 

Denote by Wq and the elements of the maximal reduced length in 
the Weyl groups W and respectively. Let r be the irreducible finite 
dimensional representation of the algebra gc with highest weight C- It is 
known that the dual representation r' has the highest weight C,' = — wqC- 

Lemma 10. Let A E W® and w eW be such that C = ^(A -\- 5) — 5 is 
a dominant weight. Then A' = —A — 25q E W® and there exists an element 
w' eW such that (' = w'{\' + 6) - 6. If (A + 6){Ha) ^ for all a E A and 
k = #{a e A+|(A + 6) (Ha) < 0} then (A' + 6){Ha) ^ for all a E A and 
#{a E A+|(A' + 6) (Ha) < 0} = m - k, where m = dimcAl. 

Proof. For a E Q the reflection E VF® maps a to —a and preserves 
both A+\{q;} and < B >. It follows that the group preserves the set 
A+\ < >, whence -25'^ E W® and therefore A' = -A - 25'^ E W®. The 
element w® maps <0>"'"to<0>~ and preserves A"'"\ < >, whence 
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WqSs = —Sq. Take w' = woww®, then w'{\' + S) = w'{—\ — (5@ + 6e) = 
woww^^{-X - Sq + Se) = wow{-X - 6q - 6e) = wow{-X - S) = wo{-C - 
S) = -woC + S ^ C + S, thus C' = w'{>^' + S) - S. For a e A we have 
(A' + S){H^) = (-A -5'^ + 5e){H^) = K(-A -S'e + Se)){H^s^) = (-A - 
S'q - 6e){H^B^) = (-A - 5)(i/,^e„). Now it is clear that if (A + S){H^) ^ 
for aU a e A then (A' + 5){H^) ^ for all a e A. Since m = #(A+\ < 
e >), X{Ha) = X'{Ha) = for a e< > and 6{H^) > for a G A+. we 
get #{a e A+|(A' + 5){H^) < 0} = #{« e A+\ < O > |(A' + 6){H^) < 
0} = #{a e A+\ < e > |(-A - 5)(H^e,) < 0} = #{a e A+\ < O > 
I (A + 5){Ha) > 0} = m — k. The Lemma is proved. 

Retain the notations of Lemma 10 and assume that (A + 6){Ha) 7^ 
for all a e A. It follows from Theorem 6 and Lemma 10 that the dual 
representations r and r' of the algebra Qc with highest weights ( and (' are 
reahzed in the cohomology spaces H^{M., SLx) and H'^'~^[M., SLy) respec- 
tively. The spaces H^{M,SLx) and H'^~''{M,SLy) are dual. This is, in 
fact, the Kodaira-Serre duality. 

According to Theorem 7 and Lemma 9, the s- modules Sx and s^' are dual 
and the associated function algebras A and A' on A4 have representations 
p and p' in H^{M,SLx) and H'^~^{M,SLx'), such that t — p o a and 
t' = p' o a' respectively (here all the notations have their usual meaning). 
Let n = dim r. 

Proposition 9. For f & A and g & A! holds the equality 

n[ fgdp^tr(p(f)(p'(g)Y). 

Proof. Choose u,v ^ l^{gc) such that / = a„, g = a'^. Then, using 
Eq. (7), one gets n J f g dp = n J auO''^ dp = n J aul'^l dp = n /(/^)*crn dp = 
nJkcTu dp ^ njayu dp ^ tr t{vu) = tr((r'(w))*r(M)) = tT{p{f){p'{g)y). 
The Proposition is proved. 

10. Covariant and contravariant symbols on flag manifolds 

Assume that A G W® is such that the (finite dimensional) space Ti = 
H^{Ai, SLx) of global holomorphic sections of Lx is nontrivial. According to 
Theorem 6, this is the case iff {X + 6){Ha) > for all a G A+ or, equivalently, 
iff A is a dominant weight. 

For any elements q, q' of the same fiber of denote by h{q, q') their K- 
invariant hermitian scalar product such that h{q,q) = h{q). Let L'^{Ai, Lx) 
denote the Hilbert space of sections of Lx, square integrable with respect to 
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the ii'- invariant Hilbert norm 1 1 ■ 1 1 given by the formula | |s| p = Jj^ h{s) dfi, s 
a section of Lx. Denote the corresponding hermitian scalar product in 
L\M,Lx) by <-,■>. 

We introduce coherent states in 7i in a geometrically invariant fashion, 



following [|13l. For q E L\ the corresponding coherent state Cg is a unique 
element in H such that the relation < s, > g = s o 7r(g) holds for all s E H. 
It is known that the coherent states exist for all q E L\ and the mapping 
L\ 3 q ^ Cq E Ti is antiholomorphic. For c G C holds Ccq = c'^Cg. 

The group K acts on the sections of the line bundle Lx as follows, 
{ks){x) = k{s{k'^x)) for k E K, x E Ai and s a section of Lx- This action 
is unitary with respect to the scalar product < ■, ■ >. For any holomorphic 
section s of Lx we have < ks,ekq > kq = {ks){kx) = k{s{x)), therefore 

< ks,ekq > q = s{x). On the other hand, < ks,keq >=< s,eq >= s{x), 
whence kcq = e^q- The function ||eg|p/i(g) is homogeneous of order with 
respect to C*-action and i^- invariant. Thus it is identically constant. Set 
||e,||2%) = C. 

Let A be an operator on Ti. It is easy to check that the function /(g) = 

< Acq, Cq > I < Cg, > on the bundle L\ is constant on the fibers. Therefore 
there exists a function on M. such that f a° = f ■ 

Definition. Berezin's covariant symbol of an operator A on ?i is the 
function Ja on M. given by the formula /a (a;) =< Ae^, eq> / < Cq, Cq > for 
any q E L\ such that 7r(g) = x E Ai. 

The operator — symbol mapping A i— > is injective and thus induces an 
algebra structure on the set of all covariant symbols. The algebra of covariant 
symbols is isomorphic to End(H). 

Let A be a holomorphic differential operator on Lx- Fix a local holo- 
morphic trivialization {U, sq) of Lx and let Aq denote the local expression 
of the operator A on U. Then for x,y E U we have < Aeso(y),eso(x) > 
So{x) = Aeso{y){x) = So{x)Ao{eso{y){x)/so{x)). The function eso(y){x)/ s^ix) 
on U X U is holomorphic in x and antiholomorphic in y. Set S{x) =< 
^so(x), ^soix) >= Gso(x){x)/ So{x). Let / be the covariant symbol of the operator 
A. Since Aq is a holomorphic differential operator on U, we get for q = sq{x) 
that f{x) =< Aeq,eq > / < eq,eq >= (< Ae^Q^y), eso{x} > \y=x)/S{x) = 
{Ao{eso(y)ix) / soix)))\y=x/ S{x) = AoS{x)/S{x). 

Introduce the function $ = — log /lo sq on U. We have S{x) = \ \eso(x) I P = 
C exp <l>, whence /(x) = A^S^x)/ S{x) = e~'^{AQ e*) = Al, where A is the 
pushforward of the operator AtoAi. The formula f = Al holds globally on 
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M. 

For u e U{gc) the pushforward to M. of the operator on Lx coincides 
with the operator 1^ related to the s-module s^, — lu- Therefore the 
covariant symbol /„ of the operator A^ on Ti can be expressed by the formula 
fu = Aul = /„! = (T„. We have proved the following theorem. 

Theorem 8. Let A G W® be dominant. Then the space H = H'^{M.,SLx) 
of global holomorphic sections of Lx is nontrivial. Endow it with the Hilbert 
space structure via the norm 1 1 • 1 1 such that | |s| |^ = /^^^ h{s) d/i, s Then 
foru e U{gc) the covariant symbol of the operator A^ on 7i equals Uu, where 
a : U{gc) — ^ C°°{Ai) is the mapping associated to the s-module Sx- 

According to Theorem 7, the representation p of the algebra A = a{U{gc)) 
in Ti is irreducible (the representation r = p o a oi the Lie algebra gc is 
irreducible with highest weight A). Therefore any operator on V, can be 
represented as A^ for some u G U{gc)- Thus we get the following corollary. 

Corollary. The algebra A associated to the s-module Sx coincides with 
the algebra of Berezin's covariant symbols of the operators on Ti. 

Let P : L'^{A4,Lx) 7i he the orthogonal projection operator. For a 
measurable function / on Al let Mf denote the multiplication operator by 
/. Introduce the operator / = PMfP on H. 

Definition. A measurable function / on Al is called a contravariant 
symbol of an operator A onTi if A = f. 

Let Si,S2 be holomorphic sections of Lx- Calculate the covariant symbol 
of the rank one operator Aq = si ^ s^ in H, 

j.^ _ < Apeq, eg > _ < si,eg >< eq,S2 > _ {si/q){s2/q) _ h{si, S2) 

Since ||eg|p/i(g) = C, we obtain fAo = h{si, S2)/C. For any measurable 
function g on M. tr{Aog) =< gsi,S2 >—< gsi,S2 >= Jh{gsi,S2) dp, — 
f gh{si,S2) dp, — C f fA^g dp,. Therefore for any operator A on Ti. holds 
ir{Ag) = C J fAg dp,. Taking A — 1, g — 1 we immediately obtain that 
C = n = dim Ti. 

Proposition 10. A measurable function g on M. is a contravariant 
symbol of an operator B onH iff for any operator A onH holds the formula 
tr{AB) ^nf fAg dpi. 

The proof is straightforward. 

Let A G W® be dominant. Set A' = — A — 25@. For the s-module Sa' dual 
to Sx let a' : U{gc) — > C°°(A1) denote the mapping associated to s^', p' be the 
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corresponding representation of the algebra A' = a'{U{gc)) in H"^{Ai,SLxi) 
The spaces 7i = H^{A4,SLx) and H™-{A4,SLx') are dual as representation 
spaces of the group G. The following theorem is a direct consequence of 
Propositions 9,10 and Theorem 8. 

Theorem 9. A function f & A' is a contravariant symbol of the 
operator {p'{f)y in H. 

11. Quantization on flag manifolds 

Now we are ready to put together various results obtained above to give 
examples of quantization on a generalized flag manifold Ai endowed with a 
pseudo-Kahler metrics. 

Let A G W® be such that for all a G A\ < > holds A(i7«) ^ 0. 
According to Proposition 8, in this case the s- module Sx on A4 is nondegen- 
erate. Denote by uj the 2-form associated to s^. This form is pseudo-Kahler, 
and the index of inertia of the corresponding pseudo-Kahler metrics equals 
/ = #{« G A+\ < > \X{Ha) < 0}. Denote by An the algebra of func- 
tions on Ai associated to the s-module (1/^)sa. It follows from Theorem 
5 that any functions f,g E F{M.) belong to An for all but a finite number 
of values of h. The product f *n 9 expands to the uniformly and absolutely 
convergent Taylor series in h at the point h — 0, f *n g = Yl,r>o^^Crif, d), 
where Cr{-, ■),r = 0, 1, . . ., are bidifferential operators which define the de- 
formation quantization with separation of variables on Ai corresponding to 
the (non-deformed) pseudo-Kahler form uo. 

For n G jV holds nX G W®. Theorem 7 implies that for ^ = 1/n the 
algebra An has a natural geometric representation pn in the sheaf cohomology 
space of the line bundle Lnx = {Lx)^j Tin = H''"{Ai,SLnx), where A;„ = 
#{« G A+|(nA + 6){H^) < 0}. Since for a G A+ holds 6{Ha) > 0, only 
those a G A+ contribute to /c„ for which X{Ha) < 0. Therefore fc„ = / for 
n >> 0. In other words, for sufficiently small values of ^ = 1/n the dimension 
of the sheaf cohomology the representation pn is realized in is equal to the 
index of inertia I of the pseudo-Kahler metrics on A4 corresponding to the 
(l,l)-form uj. 

We have obtained pseudo-Kahler quantization on a generalized flag man- 
ifold. 

Now assume A G is dominant in the rest of the paper. Then the 
metrics corresponding to the (l,l)-form on is positive definite, i.e., cu 
is a Kahler form, and Theorem 8 implies that for h = 1/n the space Tin = 
H^{M.,SLnx) is the space of global holomorphic sections of the line bundle 
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Ln\ = {L\)^ and An is the corresponding algebra of Berezin's covariant 
symbols on M.. Thus we arrive at Berezin's Kahler quantization on M. and 
identify the associated formal deformation quantization obtained in |T^, [ffl 



with the quantization with separation of variables, corresponding to the non- 
deformed Kahler form uj. 

Consider the s-module s{h) = —Sx + hScan- It depends rationally on h and 
is regular aX h = 0. Denote by ujcan the (l,l)-form associated to the canonical 
s-module Scan ou Ai. Then the form, associated to s{h) is —u + hucan- The 
s-module (l/^)s(^) is dual to (1/^)sa. Denote by {A'fi,*'fj) the algebra of 
functions on Ai associated to the s-module {l/h)s{h). For any functions 
f,g & F{Ai) the product / *^ depends rationally on h and is regular at 
^ = 0. The asymptotic expansion of the product / g gives rise to the 
deformation quantization with separation of variables (JF, corresponding 
to the formal deformation of the negative-definite Kahler form —u, uj' = 

-UJ + VUcan- 

If h = l/n then the algebra A'^ has a representation in the space 
H"^{A4,SLx'^), where m = dimcA^ and = —nX — 26'q. The space 
H"^{A4,SLx'^) is dual to Hn, and Theorem 9 implies that any function / e A'j^ 
is a contravariant symbol of the operator {p'rXf))* the space Tin- The map- 
ping A!^ 3 f ^ {Phif)y is an anti-homomorphism. Thus, in order to obtain 
quantization on A4 by contravariant symbols (it is usually called Berezin- 
Toeplitz quantization, see W^), we have to consider the algebras {An,*n), 



opposite to {A'f^, *'fj). Then An 3 f ^ (Pnif))* ^^^^ ^ representation of the 
algebra An- The corresponding deformation quantization {J-',i) is opposite 
to (JF, ^'). As it was shown in Section 5, this quantization is also a quantiza- 
tion with separation of variables, though with respect to the opposite complex 
structure on A^. It corresponds to the formal (l,l)-form —a;' = uj — vujcan on 
the opposite complex manifold M.. This form is a formal deformation of the 
Kahler form uj ow M.. (The metrics on A^, corresponding to the (l,l)-form 
is a negative-definite Kahler metrics.) 

It would be interesting to compare the deformation quantization associ- 
ated to Berezin-Toeplitz quantization on a general compact Kahler manifold 
in with deformation quantization with separation of variables. 
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